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FOREWORD 
This  i s  a progress r e p o r t  on t h e  research p r o j e c t  "Numerical So lu t i ons  
o f  Three-Dimensional Navier-Stokes Equations f o r  C1 osed-91 u f f  Bodies," f o r  
t h e  p e r i o d  ending June 30, 1987. 
i n v e s t i g a t e  t h e  'Tonserva t i ve  F i n i t e  Volume So lu t i ons  o f  a L inea r  Hyperbol ic  
Transport  Equation i n  Two and Three Dimensions Using M u l t i p l e  Grids." Th is  
work was supported by  t h e  NASWLangley Research Center (Computer Appl i- 
c a t i o n s  Branch, Analys is  and Computation D i v i s i o n )  through t h e  cooperat ive 
agreement NCC1-68. 
Smith o f  t h e  Computer A p p l i c a t i o n s  Branch, ACD. 
S p e c i f i c  a t t e n t i o n  has been d i r e c t e d  t o  
The cooperat ive agreement was monitored b y  D r .  Robert E. 
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The f e a s i b i l i t y  o f  
solving l inear  hyperbol 
cases. T h e  r e su l t s  are 
the multiple gr 
c equations for  
compared with e 
ABSTRACT 
d technique i s  investigated by 
simple two- and three-dimensional 
act solutions and solutions obtained 
from the single grid calculations.  I t  i s  demonstrated t h a t  the technique 
works reasonably well when two grid systems contain grid c e l l s  of compar- 
a t ive s izes .  
introduce any s ignif icant  e r ror  and tha t  i t  can be used t o  attack more cow 
plex problems. 
The study indicates tha t  use of the multiple grid does n o t  
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1. INTRODUCTION 
I n  recen t  years much progress has been made i n  t h e  s o l u t i o n s  o f  steady 
s t a t e  equat ions of mot ion i n  bo th  t w o  and t h r e e  dimensions. F o r  complex 
shapes these c a l c u l a t i o n s  are u s u a l l y  based on a b o d y - f i t t e d  c u r v i l i n e a r  
g r i d .  For general three-dimensional  bodies ( f o r  example, an a i r c r a f t  
c o n f i g u r a t i o n ) ,  i t  i s  v e r y  d i f f i c u l t  t o  c o n s t r u c t  a b o d y - f i t t e d  coo rd ina te  
system [1]*. To s i m p l i f y  t h i s  problem, i t  i s  becoming more common t o  use 
severa l  g r i d s  ( m u l t i p l e  g r i d s )  a t  once, each i n  a d i f f e r e n t  coord inate 
system [2-41. 
r e g i o n  a t  t h e  i n t e r f a c e s  o f  t h e  va r ious  g r i d s  (F ig .  1.1). 
in fo rma t ion  be t r a n s f e r r e d  from one g r i d  t o  another accurate ly ,  i t  i s  impor- 
t a n t  t o  t r e a t  g r i d  p o i n t s  on t h e  i n t e r f a c e s  w i t h  care. 
n a t u r e  of t h e  equat ions o f  mot ion pe rm i t s  s o l u t i o n s  w i th  d i s c o n t i n u i t i e s  
such as shocks and s l i p  surfaces. 
t h e  r i g h t  s t r e n g t h  and phys i ca l  l oca t i on ,  i t  i s  impera t i ve  t h a t  t h e  scheme 
used f o r  t h e  c a l c u l a t i o n s  be conservat ive [5].  I n  a m u l t i p l e  g r i d  ca lcu-  
l a t i o n ,  i t  i s  impor tant  t h a t  t h e  i n t e r f a c e s  are a l s o  t r e a t e d  i n  a conser- 
v a t i v e  manner so t h a t  t h e  d i s c o n t i n u i t i e s  can move f r e e l y  across these 
i n t e r f  aces. 
T h i s  approach r e s u l t s  i n  new boundaries w i t h i n  t h e  g iven 
I n  order  t h a t  
The non- l i nea r  
In order  t h a t  such d i s c o n t i n u i t i e s  assume 
The quest ion o f  conservat ion when sw i t ch ing  between two d i f f e r e n t  g r i d s  
o r  numerical schemes has been considered by severa l  authors. Warming and 
Beam [ 6 ]  de r i ved  t r a n s i t i o n  operators  f o r  sw i t ch ing  c o n s e r v a t i v e l y  between 
MacCormack's method and a second order  upwind scheme. 
[ 7 ]  app l i ed  t h i s  t r a n s i t i o n  operator  approach t o  d e r i v e  so -ca l l ed  zonal 
Hessenius and Pu l l i am 
*The nunbers i n  brackets  i n d i c a t e  re ferences.  
\ ZONE 9 / / 
\ *ONES I ZoNE2 
Fig. 1.1. .Zoning o f  multiply connected region. 
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i n te r face  cond i t ions ,  b u t  w i t h  a s i g n i f i c a n t  l oss  o f  accuracy a t  t h e  zonal 
i n te r faces .  Rai [8] has developed conserva t ive  zonal i n t e r f a c e  cond i t i ons  
f o r  zonal g r i d s  which share a common g r i d  l i n e ,  and has n i c e  c a l c u l a t i o n s  
demonstrat ing t h e  shock cap tu r ing  a b i l i t y  o f  zonal g r i d s  w i t h  a d iscont inu-  
i t y  c ross ing  zones. E a r l i e r  work i n  t h e  area o f  m u l t i p l e  g r i d s  inc ludes  
t h a t  o f  Cambier -- e t  a l . [9]  who analyzed t h e  zonal-boundary problem f o r  a 
system of hyperbo l i c  equat ions and used t h e  c o m p a t i b i l i t y  equat ions t o  de- 
ve lop a zonal-boundary scheme. 
channel f l o w .  
zonal-boundary scheme t h a t  i s  no t  conserva t ive  and, hence, unsu i tab le  f o r  
problem i n  which f l o w  d i s c o n t i n u i t i e s  move from one g r i d  t o  another. Rai 
-- e t  a l . [lo] present  r e s u l t s  obta ined on m e t r i c  d iscont inuous g r ids ;  
i n t e g r a t i o n  scheme used i s  t h e  Osher upwind scheme. 
r e s u l t s  ob ta ined on o v e r l a i d  g r i d s  i n  con junc t ion  w i t h  t h e  stream func t i on  
approach. 
201. 
Steger, and Doughtery [3].  
Good r e s u l t s  are presented f o r  t ranson ic  
However, t h e  use o f  t h e  c o m p a t i b i l i t y  equat ions r e s u l t s  i n  a 
t h e  
Reference 11 g ives  
For  more i n fo rma t ion  on m u l t i p l e  g r i d  one should r e f e r  t o  [12- 
t h e  need f o r  conserva t ive  g r i d  i n t e r f a c e s  i s  i l l u s t r a t e d  b y  Benek, 
Dukowicz [21 ]  descr ibed a rezoning method f o r  a r b i t r a r y  q u a d r i l a t e r a l  
meshes i n  two dimensions. 
i l a r  t o  t h e  method o f  Dukowicz, b u t  i s  s imp ler  and more d i r e c t .  
t h e y  de f ined rezon ing  as a method f o r  t r a n s f e r r i n g  a conserved quan t i t y ,  Q, 
from one genera l i zed  mesh t o  another when t h e  v o l u n e t r i c  d e n s i t y  of Q i s  
un i fo rm w i t h i n  each c e l l  of t h e  o r i g i n a l  mesh. A computer program which 
fo l l ows  Ramshaw's procedure has been w r i t t e n  and t e s t e d  w i t h  var ious  types 
o f  g r i d s  and va r iab les .  The objec- 
t i v e  o f  t h i s  s tudy i s  t o  e s t a b l i s h  whether o r  n o t  t h i s  technique i s  f e a s i b l e  
f o r  var ious  g r i d  systems w h i l e  keeping t h e  governing equat ion s imple.  
Ramshaw [22]  suggested a procedure which i s  sim- 
Note t h a t  
The program seems t o  be working w e l l .  
3 
For s i m p l i c i t y ,  t h e  s c a l a r  20 and 30 hyperbo l i c  equat ions are chosen 
Hyperbol ic  equat ions have had a h i s t o r y  o f  be ing used as f o r  t h i s  study. 
model equat ions f o r  t e s t i n g  newly developed schemes, f o r  example, see [23- 
301. 
t i m e  i n t e g r a t i o n .  
accuracy. 
K u t t a  t o  t h e i r  n m e r i c a l  c a l c u l a t i o n s  [38-421. 
F i n i t e  volume approach i s  chosen along w i t h  three-stage Runge-Kutta 
The three-stage Runge-Kutta i n t e g r a t i o n  i s  o f  2nd order  
Many authors have app l i ed  t h e  f i n i t e  volume approach and Runge- 
This s tudy can be d i v i d e d  i n t o  two po r t i ons .  
hyperbo l i c  equations, qt + aqx + bqy = 0 i s  considered. 
i s  so lved on a two dimensional g r i d  system which i s  changed i n t o  another 
g r i d  system a t  some t ime, say t = tl. The in fo rma t ion  obta ined from t h e  
f i r s t  g r i d  c a l c u l a t i o n  i s  t r a n s f e r r e d  t o  t h e  second g r i d  by  Ramshaw's tech- 
nique. 
r e t a i n  t h e  conservat ive p r o p e r t y  o f  t h e  nuner i ca l  scheme, t h e  i n t e r p o l a t i o n  
o f  f l u x  across t h e  i n t e r f a c e  i s  needed. q i t s e l f  i s  t h e  
f l u x .  Ramshaw's technique i s  used t o  t r a n s f e r  q across t h e  i n t e r f a c e .  
The second p o r t i o n  o f  t h i s  s tudy i s  t o  examine t h e  technique w i t h  t h e  sca la r  
3D hyperbo l i c  equation, qt + aq, + bq,, + cq, = 0. 
s u i t a b l e  as t h e  model equat ion o f  t h e  equat ions o f  motion. Here, t h e  g r i d  
system i s  changed f rom one t o  another a t  some x = y plane, say p lane z = z 
Plane z1 i s  t h e  i n t e r f a c e  mentioned p r e v i o u s l y .  
i s  going through t h i s  plane, i .e.,  f l u x  i n  z d i r e c t i o n  = h = cq, needs t o  be 
t r a n s f e r r e d  across t h e  plane. 
do ing so. 
equat ion i s  g iven i n  l a t e r  sect ions.  The r e s u l t s  are compared w i t h  exact  
s o l u t i o n s  and s o l u t i o n s  obta ined from t h e  s i n g l e  g r i d  c a l c u l a t i o n s ,  i .e.,  
w i thou t  app ly ing  t h e  Ramshaw's technique. 
F i r s t ,  t h e  s c a l a r  20 
Here, t h e  equat ion 
Many authors, f o r  example Berger [43], suggested t h a t  i n  order  t o  
For t h i s  problem, 
Th is  equat ion i s  more 
1' 
For t h i s  problem, t h e  f l u x  
Again, Ramshaw's technique i s  implemented i n  
D e t a i l s  and procedures o f  s o l v i n g  bo th  2D and 30 hyperbo l i c  
It i s  impor tant  t o  no te  t h a t  
4 
the objective of this study is to determine whether the technique is appli- 
cable for these simple governing equations. If it is applicable, one may 
have some confidence that it will be applicable for more complicated equa- 
tions. It is expected that the results from this study will 
ficant contribution in the area of Computational Fluid Dynam 
In Sec. 2, a brief discussion on Ramshaw's technique is 
tions 3 and 4 are concerned about the two and three dimensio 
equation, respectively. Finally, the conclusion is given in 
yeild a signi- 
cs. 
given. Sec- 
a1 hyperbol i c 
Sec. 5. 
2. DISCUSSION OW CONSERVATIVE REZOWIWG ALGORITHU 
Rezoning is a method for transferring a conserved quantity Q from one 
generalized mesh to another when the volumetric density of Q is uniform 
within each cell of the orginial mesh. 
in Sec. 1. 
dimensions has recently been described by Dukowicz [Zl]. 
suggested the procedure in doing so which is similar in spirit to the method 
of Dukowicz, but is simpler and more direct. 
this procedure has been written and is working well for example grids and a 
wide variety o f  choice o f  variables. 
The need for rezoning was discussed 
A rezoning method for arbitrary quadrilateral meshes in two 
Ramshaw [22] 
A computer program following 
By far the most common type o f  generalized mesh is the arbitrary quad- 
rilateral mesh, which is convenient to work with because it has the same 
simple topological and logical structure as a square or rectangular mesh. 
the basic idea behind the rezoning is simple. Here, two grid systems are 
overlapped each other in some fashion (Fig. 2.1). 
denoted by Qokl, is to be transferred from the old grid system (Aokl is the 
area of each mesh in the old grid system) to the new grid system in which 
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F g. Z . l ( c ) .  New Gr id  w i t h  unknown - 
Qni 
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- -  
Anij i s  t h e  area o f  each. 
q u a n t i t y  i n  each mesh o f  t h e  new g r i d  system. 
by : 
The q u a n t i t y  Qnij i s  denoted as t h e  t r a n s f e r r e d  
Thus, Qnij can be computed 
where An i s  t h e  p o r t i o n  o f  t h e  area Anij which i s  conta ined i n  t h e  area 
Aokl, and t h e  sunmation i s  up t o  t h e  nunber o f  t h e  o l d  meshes contained i n  
Anij. The q u a n t i t y  qokl = Qokl represents  t h e  vo lumet r i c  d e n s i t y  o f  Qokl 
and i s  assuned t o  be uni form w i t h i n  each c e l l .  The task,  now, i s  t o  f i n d  
Anokl and t h e  number o f  t h e  o l d  meshes contained i n  each Anij. 
t h e  polygon P i s  g iven by  [44] 
Ok 1 
The area o f  
where t h e  sunmation i s  over a l l  t h e  s ides o f  P, and E! i s  e i t h e r  +1 o r  -1 
depending on whether P l i e s  t o  t h e  l e f t  o r  r i g h t  o f  s i d e  s .  Note t h a t  t h e  
endpoint  coord inates (xl, yf) and (xs, y 2) are considered t o  be associated 
w i t h  t h e  s i d e  s and n o t  wi th  t h e  p a r t i c u l a r  polygon P .  
S S 
F igu re  2.2 shows a r b i t r a r y  ove r lap  g r i d s .  
gons whose s ides are segments of t h e  old-mesh l i n e s .  
The ove r lap  areas are poly-  
The number o f  s ides of 
each type, and t o t a l  nunber o f  s ides,  w i l l  be d i f f e r e n t  f o r  d i f f e r e n t  over- 
l a p  areas. Each s i d e  i s  common t o  two ove r lap  areas, t h e  one on t h e  l e f t  
( L )  and t h e  one on t h e  r i g h t  (R) ,  and these ove r lap  areas may be considered 
7 
Fig .  2 .2 .  Overlap areas a r i s i n g  f rom t h e  superpos i t i on  
o f  t h e  o l d  mesh ( s o l i d  l i n e s )  and t h e  new 
mesh (dash l i n e s ) .  
ove r lap  area i s  shaded. 
A t y p i c a l  e lementary 
8 
t o  be associated w i t h  t h e  s ide. 
The o b j e c t i v e  i s  t o  appor t i on  a conserved q u a n t i t y  Q, whose vo lumetr ic  
d e n s i t y  q i s  considered uni form w i t h i n  each c e l l  o f  t h e  o l d  mesh, i n t o  t h e  
c e l l s  o f  t h e  new mesh. It would be i n e f f i c i e n t  and d i f f i c u l t  t o  automate i n  
a computer, t o  n a i v e l y  sweep over t h e  over lap areas d i r e c t l y .  Instead, 
Ramshaw suggests t o  evaluate t h e  same c o n t r i b u t i o n s  by  sweeping over t h e  
s ides o r  segments s. The s i d e  o r  segment s i s  any s i d e  o r  segment of t h e  
polygon (ove r lap  area). 
w i l l  be denoted b y  (xl, yl) and (xz,  y z ) .  
The coord inate o f  t h e  two endpoints o f  s i d e  s 
s s  s s  
If t h e  s i d e  s i s  a segment o f  t h e  o l d  mesh, then t h e  q u a n t i t y  Q i n  
t h e  new-mesh c e l l  c o n t a i n i n g  s i d e  s i s  t o  be incremented b y  an amount: 
I f  t h e  s i d e  s i s  a segment o f  t he  new mesh, then t h e  c o n t r i b u t i o n  t o  c e l l  
N 1  
2 
- qR) (xl, S yq) and (x;, y:) w h i l e  t h e  on i t s  l e f t  i s  A s  = - qo (4, 
N c o n t r i b u t i o n  t o  t h e  c e l l  on i t s  r i g h t  i s  j u s t  -As, where q, i s  t h e  
vo lumet r i c  d e n s i t y  o f  t h e  q u a n t i t y  Q o f  t h e  o l d  mesh c e l l  i n  which s i d e  s 
l i e s .  Adding A: and f o r  each o f  t h e  new mesh c e l l  y i e l d s  t h e  q u a n t i t y  Q 
conta ined i n  each o f  t h e  new mesh c e l l s .  
N 
3. TWO-DIMEWSIOWAL HYPERBOLIC EQUATIOn 
Consider t h e  two-dimensional hyperbo l i c  equation, 
(3.  l a )  
9 
w i t h  the i n i t i a l  condition, 
(3 . lb)  
The exact solution of Eq. 3.1 can be f o u n d  as 
q(x,y, t )  = f ( x  - a t ,  y - b t )  (3.2) 
This problem i s  well posed [45]  i f  boundary conditions are specified a t  
A the boundaries where the d o t  product ,  ( a , b ) *  $ > 0 ;  here (a,b) = ae, + 
b$ and $ i s  the unit normal a t  the boundaries. 
multiple grid system using the  finite-volune approach along with the three- 
stage Runge-Kutta integration in time. Section 3.1 i s  concerned with the  
formulation of the 2D hyperbolic equation on the curvil inear g r i d  system. 
The implementation on multiple grid system i s  br ie f ly  discussed in Sec. 3.2. 
Finally,  the r e su l t s  and discussion on various grid configuration and ini-  
t i a l  condition are given in Sec. 3.3. 
This problem i s  solved on a 
Y 
3.1 Formulation o f  2D Hyperbolic Equation on Curvilinear Grid 
Recall Eq. 3.1, 
q t  + aqx + bqy = 0 
Since a and b are constants, one can write E q .  3.1 in the conservation 
f o r  as [46]. 
q t  + f x  + gy = 0 ( 3 . 2 )  
where 
f = aq, g = bq 
10 
Equation 3 . 2  could be solved on any (x,y) coord nates, cal led physica 
coordinates. Instead, one normally solve E q .  3.2  on the orthogonal 
coordinates system, cal led computational coordinates [47]. 
3 . 2  needs t o  be transformed t o  the computational coordinates. 
the  transformation in to  the computational coordinates produces some 
additional terms i n  the transformed pa r t i a l  d i f fe ren t ia l  equation ( t h u s  
increases the amount of computation required), i t  has some advantages. 
Boundary conditions can be t reated i n  the  s t r a igh t  forward way. Also, 
T h u s ,  equation 
Even though 
transformed equations are solved i n  the  simple orthogonal and possibly equal 
spaced region. Severe departure from orthogonality w i l l  introduce 
truncation e r ro r  i n  difference expressions [47]. Figure 3 . 1  i l l u s t r a t e s  the 
physical versus computational domain i n  a two-dimensional space. 
the chain rule, E q .  ( 3 . 2 )  i s  written as: 
By u s i n g  
Also u s i n g  the chain rule,  one can write: 
d x  = x  + x dn 
5 n 
dy = yE& + yndn 
which can be written i n  the  matrix form as: 
11 
Physical Domain 
F i g .  3.1. Physical vs .  Computational Domain 
Computational Domain 
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The i n v e r s i o n  o f  t h e  m a t r i x  y i e l d s :  
S i m i  1 ar 1 y, 
From Eqs. 3.4 and 3.5, i t  can be seen t h a t :  
where J =  1 
"Yn - y€xn 
(3.4) 
(3.6a) 
i s  t h e  Jacobian of  t ransformat ion.  obviously,  Eq.  3.6 e x i s t s  when J f - o r  
1 - x  [ E  x .] f 0. 
YE yn 
E = -& Y n From Eq. 3.6 i t  i s  found t h a t  5 ,  = Jyn 
(3.6b) 
13  
Equat ion 3.3 can be w r i t t e n  as: 
- 1 1 - 
( 3 . 7 )  
q = q/J 
Equat ion 3.7 i s  t h e  t ransformed equat ion which i s  so lved on t h e  
computat ional  coord inates.  
3.1.1 D i f f e rence  Equat ion 
I n  t h i s  sect ion,  t h e  f i n i t e  v o l m e  approach i s  app l i ed  t o  Eq. 3.7 a long 
w i t h  three-stage Runge-Kutta i n t e g r a t i o n  i n  t ime.  
d i f fe rence equat ions on t h e  e q u a l l y  spaced i n  each d i r e c t i o n  ( 5  - TI), 
computat ional  domain i s  g iven  below. 
The fo rmu la t i on  o f  t h e  
Consider a computat ional  c e l l  i l l u s t r a t e d  i n  F ig .  3.2. Reca l l  Eq. 3.7 




Fig. 3.2. A typical two-dimensional element. 
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Integrating over the  ce l l  yields  
q t  
Using the divergence theorem, one obtains 
i 
Applying t h i s  t o  Fig. 3.2, one can write 
2 2 
An 2 2 
(3.8) 
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Each term on t h e  r i g h t  hand s ide  o f  Eq. 3.8 can be w r i t t e n  as 
2 2 
A n  2 
2 2 
L 2 2 2 2 2 2 
2 L 2 2 2 
2 2 2 2 3 1  
1 7  
t )  = f ( x l  - a t ,  y1 - b t ) ,  are 1’ yl’ The exact boundary conditions , q(  x 
given where the product ( a ,  b )  n > 0, and the extrapolated values of q 
are  given a t  the  boundaries where ( a ,  b )  n < 0. T h i s  i s  due t o  the nature 
of the hyperbolic equations. 
3.1.2 Three-S t age Runge- K u t  t a I n tegr a t  ion  




By applying three-stage Runge-Kutta, one may express: 
q n  + 1* = qn + A t f ( q n )  
1 n + 1** n n + 1* q = q + - 1 A t f ( q n )  + - 1 A t f ( q  
2 2 
3.2 Implementat ion on M u l t i p l e  G r i d  System 
As mentioned prev ious ly ,  f o r  m u l t i p l e  g r i d  system, t h e  i n t e r p o l a t i o n  o f  
f l u x  w i l l  y i e l d  a conserva t ive  scheme. For  t h e  sca la r  20 hyperbo l i c  
equat ion,  Eq. 3.1, q i t s e l f  i s  t h e  f l u x  t r a n s p o r t i n g  i n  t ime.  For t h i s  
problem, t h e  d i f f e r e n c e  equat ions as descr ibed i n  Sec. 3.1.1 a re  solved on 
Then, one g r i d  system f rom i n i t i a l  t ime  t = 0 up t o  some t ime, say t = 
a t  t = tl t h e  g r i d  system i s  changed and t h e  d i f f e r e n c e  equat ions are  so lved 
on t h i s  new g r i d  system. The i n i t i a l  c o n d i t i o n s  f o r  t h e  new g r i d  system are 
ob ta ined b y  t h e  i n t e r p o l a t i o n  o f  t h e  f i n a l  va lues i n  t h e  o l d  g r i d  system, 
i .e., q(x,y,tl). 
implemented i n  do ing so. 
exact  s o l u t i o n s  and w i t h  t h e  s o l u t i o n s  obta ined by  us ing  t h e  new g r i d  system 
f o r  a l l  t ime, i.e., f rom t = 0 t o  t = final w i thou t  changing t h e  g r i d  
system. 
5' 
Ramshaw's technique, as descr ibed i n  Sec. 2, i s  
The r e s u l t s  a t  t = tfinal are compared w i t h  t h e  
3.3 Resul ts  and Discuss ion 
Var ious g r i d  systems, as shown i n  F igs .  3.3 - 3.5, and i n i t i a l  
cond i t i ons  are implemented as descr ibed i n  Sec. 3.2. 
compared w i t h  t h e  exact  s o l u t i o n s  and t h e  s o l u t i o n s  ob ta ined b y  u s i n g  t h e  
second g r i d  system f o r  a l l  t ime.  
The r e s u l t s  a re  
For t h e  case o f  e x p o n e n t i a l l y  s t re t ch ing ,  
k2 - 1  - 1  e kl e 
t h e  d e r i v a t i v e  conta ined i n  t h e  Jacobian o f  t rans format ion ,  J, xs, xn, e t c .  
can be computed a n a l y t i c a l l y .  Here, r e s u l t s  us ing  bo th  a n a l y t i c a l l y  
19 
Fig .  3.3. Gr id  systems f o r  a c i r c u l a r  geometry u s i n g  11 x 11 and 
21 x 21  g r i d s .  
F ig .  3.4. Gr id  systems for  a c i r cu la r  geometry using 21  x 21 and 
21  x 21  g r i d s .  
F ig .  3 .5 .  Gr id  systems for  an  e l l i p t i c  geometry  u s i n g  11 x 11 and 
21  x 21 g r i d s .  
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computed d e r i v a t i v e s  and n u n e r i c a l l y  computed d e r i v a t i v e s  are shown. 
Before d iscuss ing  any r e s u l t s ,  i t  should be noted t h a t  some e r r o r  
should be expected s ince  Ramshaw's technique assumes constant  vo lumet r ic  
d e n s i t y  o f  t he  conserved q u a n t i t y  i n  each g r i d  c e l l .  But i n  t h i s  study, t h e  
a n a l y t i c  i n i t i a l  cond i t i ons  which v a r y  w i t h i n  g r i d  c e l l s  have been selected. 
However, t h e  o b j e c t i v e  o f  t h i s  s tudy  i s  t o  determine whether t h e  e r r o r s  grow 
s i g n i f i c a n t l y  as Ramshaw's i dea  i s  implemented. 
Tables 3.1 and 3.2 show t h e  r o o t  mean square e r r o r s  a t  f i n a l  t ime, 
t = t If e r r o r s  are de f ined as t h e  
d i f f e r e n c e  between t h e  ca l cu la ted  s o l u t i o n s  and t h e  exact  so lu t i ons .  t h e  
r o o t  mean square e r r o r s  can be obta ined as 
(bo th  t a b l e s  are a t  200 t i m e  steps) .  
where rn x n are t h e  number o f  c e l l s  conta ined i n  t h e  g r i d  system where t h e  
e r r o r s  are computed. 
Tables 3.1 and 3.2 i n d i c a t e  t h a t  t h e  technique does no t  in t roduce 
s i g n i f i c a n t  e r r o r s  t o  t h e  so lu t i ons .  
can be seen c l e a r l y  by l o o k i n g  a t  t h e  t o p  row o f  Table 3.2. I n  t h e  case of 
constant  mesh s i z e  w i t h  l i n e a r  i n i t i a l  cond i t ions ,  t h e  f i n i t e  volume calcu-  
l a t i o n  should y i e l d  t h e  exact  so lu t i ons .  Note t h a t  m u l t i p l e  g r i d  calcu- 
l a t i o n s  even y i e l d  smal ler  e r r o r s  than t h e  s i n g l e  g r i d  c a l c u l a t i o n  i n  some 
cases. 
s i g n i f i c a n t  e r r o r s  t o  t h e  so lu t i ons ,  e s p e c i a l l y  when i t  i s  implemented on 
two g r i d  systems which con ta in  g r i d  c e l l s  o f  comparative s izes .  
The e r r o r s  in t roduced by  t h e  technique 
Thus, i t  can be concluded t h a t  t h e  technique does n o t  in t roduce 
2 1  
Table 3 . 1  Root Mean Square Errors, 2D Case 1 
initial conditions, q = ~cos(lx)cin(By) 
exact 601ut ions, 
2 
Q = ~cos(l(x-at))rin(l(~-bt)) 2 
1 Orid vs. 
e grid 






r i g  3.3a vs. 3.3b 
' i g  3.4a vs.  3.4b 
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Table 3.2 Root Mean Square Errors, 2D Case 2 
1 g r i d  vs. 





3 g  3.3b vs. 
F i g  3.3a 3.4a 
I n i t i a l  condit ions ,  q = Wx+y 
exact rolut i ons ,  q 
m x n  







m x n  
















2 g r i d  
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4. THREE-DIMENSIONAL HYPERBOLIC EQUATION 
Consider the three-dimensional hyperbolic equation, 
+ aqx + bqy + cq, = 0 0 <x <1, 0 <y<l, 0 < z < l  qt 
with the initial condition, 
The exact solution of this equation can be found as 
q(x, y, z, t) = f(x-at, y-bt, z-ct) 
As mentioned in Sec. 3, this problem is well posed if one specifies the 
-a boundary conditions at the boundaries where the dot product ( a,b,c) n > 
0, where (a,b,c) = a? +b$ +cT and is the unit normal at the boundaries. X Y Z  
This problem is solved on the multiple grid system using the finite- 
volume approach along with the three-stage Runge-Kutta integration in time. 
In Sec. 4.1, the formulation of the 3D hyperbolic equation on the curvilin- 
ear grid system is described. 
the multiple grid is given in Sec. 4.2. 
from various grid configurations and initial conditions. 
hyperbolic equation is more suitable to test Ramshaw's technique. 
because most real physical computations are performed on a three dimensional 
space and the governing equations are similar to the 3D hyperbolic 
equation. 
The brief discussion'on the implementation on 
Section 4.3 discusses the results 
Note that the 3D 
This is 
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4.1 Formulat ion o f  3D Hyperbol ic  Equat ion on C u r v i l i n e a r  G r i d  
Cons 
which can 
der t h e  t h r e e  dimension1 hyperbo l i c  equat ion,  
be w r i t t e n  i n  t h e  conserva t ive  fo rm as [46] 




f = aq, g = bq, h = cq  
and a, b, c are constants .  
T h i s  sec t i on  shows t h e  fo rmu la t i on  o f  t h e  t ransformed equat ion  o f  Eq. 
4.2 on the  computat ional  coord ina tes  (E -T I -< ) .  
forming Eq. 4.2 i n t o  t h e  computat ional  coord inates were mentioned i n  Sec. 
3.1. 
The advantages of  t r a n s -  
F igu re  4.1 i l l u s t r a t e s  t h e  phys ica l  versus computat ional  domain. 
By us ing  t h e  cha in  r u l e ,  Eq. 4.2 i s  w r i t t e n  as 
+ h r ) = O .  
+ ( f<<x  + g r < y  < z 
A f te r  some mathematics manipulat ions,  one can w r i t e  
(1 q) + (15 f + 15 g + 15 h) + ( h x f  + 1n g + 1n h) - x  - - Y  - 2  E - - . Y  - z  n " - 
J J J J J J J 
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Physical Domain Computational Domain 
Fig. 4.1. Physical vs .  Computational Domain. 
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+ (1s f + 1s g + IS h )  - x  - y  - z  5 




5, sy sy 
"x  "y "z  
5, cy <z 






Equat ion 4.3 can be w r i t t e n  as 
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where 
A q = q  
J 
Equation 4.4 is the transformed equation which is solved on the computa- 
t ional coordinate ( 6  ,n , c ) .  
4.1.1 Difference Equation 
Figure 4.2 illustrates a volume element on the computational coordi- 
nates. 
approach to Eq. 4.4 with the volume element as in Fig. 4.2. 
the formulation are given below. 
The difference equations are derived by applying the finite volume 
The details of  
Recall Eq. 4.4, 
$t + + Cn + %  = 0 < 
or 
28 
i + 1, 
I 
8 
j + 1, k +  1 
Fig. 4.2. A typical volume element. 
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I n t e g r a t i n g  over  t h e  volune element, i t  i s  expressed as 
f 
‘ W  t 5 
dV = -JW (?E +;n +$’ )dV 
Apply ing t h e  divergence theorem t o  t h e  r i g h t  hand side, t h e  above equat ion 
can be w r i t t e n  as 
U t i l i z i n g  F ig .  4.2, t he  d i f f e r e n c e  equat ion f o r  t h e  above equat ion can be 
w r i t t e n  as 
A 2 





rl i, j + f  
Yrl + i, j + L  
2 
- j + 1, k - 'i, j, k 
All  
2 
+ x  - x  1 i, j + 1, k + 1 i, j, k + 1  
An 





+ 'i, j + 1, k + 1 
A l l  
All  
L 2 2 I 
- z  1 , j + 1, k +  1 i, j, k + l  + zi 
A l l  
X 





- x  
k + l  = - j, k + 1 i, j, k 
All 
2 2 
+ x  - x  1 i, j + 1 ,  k + l  i, J + 1 ,  k 
A l l  
k +  
1 - 
= - '('i, j, k + 1 'i, j + 1, k 
A c  2 2 
1 - 
+ 'i, j + 1, k + 1 
AT; 
'i, j, k 
= l ( Z i  - z  z l  s i , j + l , k + l  - - - n , j, k + 1 i, j, k 
As L 2 2 I 
+ z  - 2  1 
i , j + l , k + l  i , j + l , k  
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A 
= [ - ( y g 5  - z y ) f  + ( x  z qi + - 1, j ,  k + - 1 5 5  5 5 - ZSXr)g  
5 X 
2 2 
= l ( X i  - x  




- x  1 i + 1, j ,  k + 1 i, j ,  k + 1  + x  
- 
i +L, j ,  k + l  = - '('i, j ,  k + 1 'i, j, k 
2 
' 2  2 A €  
) - 
+ 'i + 1, j, k + 1 'i, j ,  k + 1  
A E  
- z  ) i + 1, j, k + 1 i, j, k + 1  + z  
A E  
+ X  - x  ) i + l ,  j ,  k + l  i + l ,  j, k 
A C  
1 - 
+ 'i + 1, j, k + 1 'i + 1, j, k 
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+ x  - x  1 i+ l ,  j + l ,  k i, j + l ,  k 
A6 
- x  1 
- x  11 
+ L ( ' i  + 1, j, k + 1 i, j, k + 1  
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+ x  i+l ,  j + l ,  k + l  i , j + l ,  k + l  
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j + 1, 
2 
j + 1, 
2 
= 1 [ l ( x  - x  
k + l  - -  i, j + 1, k i, j, k 
All  
- 2 2  2 
+ x  - x  1 i + l ,  j + l ,  k i + l ,  j, k 
A l l  
- x  1 
i, j, k + 1  + - ('i, j + 1, k + 1 
All 
2 
+ x  - x  11 i + l , j + l , k + l  i + l , j , k + l  
A l l  
= 1 [ l ( X i  - x  
k + L  - - A k + l  
A5 
2 2  2 
+ ' i + l ,  j, k + l  - x  i + 1, j, k 1 
1 i, j + 1, k - x  + 1 ( ' i , j + 1, k + 1 
2 
+ x  - x  
i + l , j + l , k + l  i + l , j + l , k  
and z . F i n a l l y ,  Yn9 Y5' z 5 '  zl19 5 S i m i l a r  expressions can be w r i t t e n  f o r  y 
Eq. 4.5 can be w r i t t e n  i n  t h e  form: 
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The three-stage Runge-Kutta integration as  described i n  Sec. 3.1.2 can be 
appl i ed here. 
4.2 IMPLEMENTATION ON MULTIPLE G R I D  SYSTEM 
Figure 4.3 i l l u s t r a t e s  an example of  multiple g r i d  used i n  this s tudy.  
Here, the g r i d  system changes from one t o  another a t  the plane z = zl. In 
order t o  solve the difference equations, as i n  section 4.1.1, on this  g r i d  
system, the extra  boundary conditions are needed a t  the interface,  i . e . ,  
plane z = z1 where the two single g r i d  system meet. 
t ions  are n o t  the  physical boundary conditions. Many authors re fer  t o  them 
as interface conditions, for example see Berger [43]. 
mush be given fo r  these boundary conditions. 
interface i n  t h i s  study. 
These boundary condi- 
Special treatments 
Figure 4.4 shows the typical 
I n  F i g .  4.4, ho denotes the f l u x  h coming out from the f i r s t  g r i d  
system and hn denotes the f l u x  h going into the second g r i d  system. Here, 
ho  i s  needed fo r  the f i r s t  g r i d  calculations and h n  i s  needed f o r  the calcu- 
la t ions  on the second g r i d .  
mentioned previously. 
between the f i r s t  and the  second g r i d .  
ferr ing ho across the interface u s i n g  the Ramshaw's technique described i n  
Sec. 2. The calculations begin from i n i t i a l  time, t = 0, t o  some time, say 
t = t f ina l .  
w i t h  the exact solutions and the solutions obtained from the single g r i d  
calculations for  var ious g r i d  system and i n i t i a l  conditions. 
They are the extra  boundary conditions 
In t h i s  study, h o  i s  obtained by the interpolations 
The f l u x  h i s  obtained by t rans-  n 
The r e su l t s  from the multiple grid calculations are  compared 
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I n t e r f a c e  
I - - - - - - - - - - -  
I I 







- 4  
1 
1 
Fig .  4.3. A computat ional  domain a r i s i n g  f rom two 
patched g r ids .  
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F ig .  4.4. An i n t e r f a c e  where ho i s  obta ined by 
i n t e r p o l a t i n g  h f rom t h e  p o i n t s  i n d i -  
cated by d o t t e d  t r i a n g l e  and hn i s  ob- 
t a i n e d  by Ramshaw's technique. 
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4.3 RESULTS A N D  DISCUSSIONS 
Tables 4.1 and 4.2 show the resu l t s  obtained from 
various g r i d  systems w i t h  two d i f fe ren t  i n i t i a l  condit 
the calculations on 
ons. If the  e r ror  i s  
defined as the difference between the numerical solutions and the exact 
solutions,  the root mean square e r ror  can be found as 
rms. e r ror  ; jaer;orz 
where N = t o t a l  number of g r i d  c e l l s .  
B o t h  t ab les  i l l u s t r a t e  the rms. e r rors  from the multi l e  r id c 1 U- 
la t ions as well as the calculations from each o f  s ingle  g r i d  which compose 
the  multiple g r i d .  Table 4.1 gives the r e su l t s  w i t h  l inear  i n i t i a l  condi- 
t ions,  while the r e su l t s  w i t h  trigonomitrical i n i t i a l  conditions are  given 
i n  Table 4.2. 
l a t i o n  does n o t  introduce s ignif icant  e r rors  t o  the over a l l  solutions.  
some cases, the multiple g r i d  calculations even give be t te r  solutions t h a n  
the calculations from the single g r i d .  
I t  can be seen from both tables  tha t  the multiple g r i d  calcu- 
I n  
5. CONCLUSIONS 
The r e su l t s  from t h i s  study have shown tha t  the technique works reason- 
ab ly  well when the two g r i d  systems contain g r i d  c e l l s  of comparative s izes .  
T h i s  can be c l ea r ly  seen when one r eca l l s  the assumptions made f o r  the  tech- 
nique, i . e . ,  each g r i d  c e l l  contains uniform conserved quantity. Since, i n  
general, th i s  c r i te r ion  cannot be met i n  the real  physical calculations,  
some e f f o r t  may need t o  be made t o  seek fo r  the best possible types of gr ids  
i n  order t o  apply the technique. I t  s h o u l d  be poin ted  o u t  t h a t  on ly  simple 
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Table  4 . 1  Root Mean Square Errors, 3D Case 1. 
initial conditions, q = R+x+y+z 
exact solutions, q = R+(x-at)+(y-bt)+(z-ct) 
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Table 4 . 2  Root Mean Square Errors, 3D Case 2 
llxllxll vu. 2ix21x1: 
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conf igura t ions  are  chosen f o r  t h i s  study, i .e.,  a s i n g l e  g r i d  system can be 
generated around these con f igu ra t i ons .  
m u l t i p l e  g r i d  approach may be t h e  o n l y  way t o  a t tack  t h e  problem i f  t h e  
complex i ty  o f  t h e  geometries i s  t o  be maintained. 
For more complex bodies, the  
Th is  s tudy  demonstrates t h a t  use o f  t h e  m u l t i p l e  g r i d  does n o t  i n t r o -  
duce any s i g n i f i c a n t  e r r o r  t o  t h e  problems. 
technique t o  so lve  t h e  equat ions o f  mot ion over an i d e a l  a i r c r a f t  con f ig -  
u r a t i o n  such as a But ler-Wing c o n f i g u r a t i o n  (F ig .  5.1). If t h e  r e s u l t s  f rom 
t h e  But ler-Wing c a l c u l a t i o n s  are  s a t i s f i e d ,  t h e  nex t  s tep  i s  t o  
consider  t h i s  technique along w i t h  t h e  equat ions o f  mot ion over  t h e  r e a l  
a i r c r a f t  con f igura t ion .  It i s  expected t h a t  r e s u l t s  f rom t h i s  s tudy w i l l  
g i v e  some c o n t r i b u t i o n s  t o  t h e  f i e l d  o f  Computational F l u i d  Dynamics. 
The nex t  s tep  i s  t o  apply  t h i s  
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